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Abstract 

The effect of inter-competition coefficient on the resource biomass of a 

resource-dependent interacting biological species was investigated. To 

facilitate the work, a three-dimensional continuous system of nonlinear 

first order ordinary differential equation, indexed by the appropriate initial 

conditions, was considered. A MATLAB ODE45 numerical scheme was used 

to generate the data needed for the analysis. The key result of the 

investigation shows  an increase in inter-competition coefficient results in 

an increase in resource biomass, while the population of the affected 

species diminishes gradually.  

 

Keywords: Inter-competition coefficient, resource biomass, resource-
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INTRODUCTION 

Interspecific competition occurs when species of the same kind struggle for 

a limited resource in the same environment. A typical example could be 

seen in a situation whereby a particular tree species grows taller than the 

other trees in the same environment due to its ability to absorb more of the 

sunlight. This automatically results in less availability of sunlight for the 

trees that are covered by the taller ones.  
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It was reported that if two species must co-exist, then intra-specific 

competition must be greater than inter-specific competition [Case (2000), 

Gotelli (2008), Mittelberg (2012), Vandermeer and Goldberg (2013)]. 

Ford, Lumb and Ekaka-a (2010) have stressed that to have extremely 

important information about ecological investigation to predict the future 

states of an ecological system, a good knowledge about the steady state 

solutions is necessary.  

The most familiar consequence of competitive diversification is inter-

specific character displacement, in which co-existing species disunite in 

resource use to mitigate the effect of competition (Simberloff, 2005).  

 

METHOD AND MATERIAL 

The physical model consists of two competing resource-dependent 

biological species (Goat and Sheep) affected by resource in the habitat they 

are. To achieve the objective of this work, a system of non-linear first order 

ordinary differential equations indexed by the appropriate initial condition 

as given by George (2019) has been considered.  
𝑑𝑥1(𝑡) 

𝑑𝑡
  = 𝑎1𝑥1 − 𝑎2𝑥1

2 −  𝛼𝑥1𝑥2  + 𝛼1𝑥1𝑅,              𝑥1(0) = 𝑥10 ≥ 0                  (1) 

𝑑𝑥2(𝑡)

𝑑𝑡
  = 𝑏1𝑥2 − 𝑏2𝑥2

2 −  𝛽𝑥1𝑥2  + 𝛽1𝑥2𝑅,               𝑥2(0) = 𝑥20 ≥ 0             (2) 

𝑑𝑅(𝑡)

𝑑𝑡
   = 𝑐1𝑅 − 𝑐2𝑅

2 −  𝛼𝑥1𝑅 − 𝛽1𝑥2𝑅,           𝑅(0) = 𝑅0 ≥ 0,             (3) 

where 

𝑥1 and 𝑥2 denote the population sizes of species 1 and 2, respectively. 𝑎1 

and 𝑏1 represent the intrinsic growth rates of the first and second species, 

respectively. 𝑎2 and 𝑏2 are the intra-competition coefficients of species 1 

and 2, respectively. 𝛼1 and 𝛽1 denote the growth rate coefficients of species 

1 and 2, while 𝛼  and 𝛽 are the inter competition coefficients of species 1 

and 2, respectively. 𝑅 is the resource biomass, 𝑐1 is the intrinsic growth rate 

of the resource biomass and 𝑐2 is the intra-competition coefficient of the 

resource biomass. 

It is expected that the interacting biological species grow exponentially 

with unlimited supply of resources in the ecosystem by constant 𝑐1 and in 

the event of limited supply of resources the less powerful species reduce in 

weight and go into extinction. 
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In the absence of any interaction between the species, equations (1) – (3) 

reduces to a system of linear equations as shown below: 

 
𝑑𝑥1

𝑑𝑡
= 𝑎1𝑥1,   𝑥1(0) =  𝑥10 ≥ 0         (4) 

 
𝑑𝑥2

𝑑𝑡
= 𝑏1𝑥2,   𝑥2(0) =  𝑥20 ≥ 0         (5) 

 
𝑑𝑅

𝑑𝑡
= 𝑐1𝑅,   𝑅(0) =  𝑅(0) ≥ 0         (6) 

Solving equations (4) – (6), gives 

𝑥1 = 𝑥10𝑒
𝑎1𝑡                          (7) 

 𝑥2 = 𝑥20𝑒
𝑏1𝑡                         (8) 

 𝑅 = 𝑅0𝑒
𝑐1𝑡                          (9) 

Equations (7) – (9) clearly show that as 𝑡 → ∞, 𝑥1(𝑡), 𝑥2(𝑡) and 𝑅(𝑡) will 

grow exponentially. This is mathematically tractable, but not scientifically 

correct. This is because, no population grows exponentially, as space and 

limiting resources can inhibit such growth. 

When the system is at a steady-state, that is, when the population is 

constant, all rates of change are equal to zero [Ekaka-a (2011), Leticia and 

Oleka (2016), George, Atsu and Ekaka-a (2018)]. Hence, equations (1) – 

(3) become  
𝑑𝑥1(𝑡)

𝑑𝑡
= 

𝑑𝑥2(𝑡)

𝑑𝑡
=

𝑑𝑅(𝑡)

𝑑𝑡
= 0  

Thus, if the right-hand sides of equations (1) – (3) are not equal to zero, 

then the equations become  

𝑎1𝑥1 − 𝑎2𝑥1
2 − 𝛼𝑥1𝑥2 + 𝛼1𝑥1𝑅 = 0  

 ⇒ 𝑥1 = 0   or  𝑥1 =
1

𝑎2
(𝑎1 − 𝛼𝑥2 + 𝛼1𝑅)             

(10) Similarly, 

 𝑏1𝑥1 − 𝑏2𝑥2 − 𝛽𝑥1𝑥2 + 𝑏1𝑥2𝑅 = 0  

 ⇒ 𝑥2 = 0   or  𝑥2 =
1

𝑏2
(𝑏1 − 𝛽𝑥1 + 𝛽1𝑅)            (11) 

Also, 

 𝑅 − 𝑐2𝑅
2 − 𝛼1𝑥1𝑅 − 𝛽1𝑥2𝑅 = 0  

 ⇒ 𝑅 = 0 𝑜𝑟 𝑅 =
1

𝑐2
(𝑐1 − 𝛼1𝑥1 − 𝛽1𝑥2)             (12) 

𝑥1 = 𝑥2 = 𝑅 = 0, implies that (0, 0, 0)  is a trivial steady-state solution of 

the dynamical system. At this steady-state solution, the competing 

populations and the resource biomass have gone into extinction. 
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When𝑥1 ≠ 0, 𝑥2 ≠ 0 𝑎𝑛𝑑 𝑅 ≠ 0, (10) – (12) become 

 𝑥1 = 
1

𝑎2
(𝑎1 − 𝛼𝑥2 + 𝛼1𝑅)             (13) 

 𝑥2 =
1

𝑏2
(𝑏1 − 𝛽𝑥1 + 𝛽1𝑅)             (14) 

 𝑅 =
1

𝑐2
(𝑐1 − 𝛼1𝑥1 − 𝛽1𝑥2)             (15) 

Substituting (13) into (14) and (15) and simplifying, give 

 𝑥2 =
(𝑎2𝑐2+𝛼𝛼1)(𝑎2𝑏1−𝑎𝛽1)+(𝑎2𝛽1−𝛼1𝛽)(𝑎2𝑐1−𝑎1𝛼)

(𝑎2𝑐2+𝛼𝛼1)(𝑎2𝑏2−𝛼𝛽)+(𝑎2𝛽1−𝛼2𝛽)(𝑎2𝛽1−𝛼
2)

= �̂�2         (16) 

 𝑅 =
(𝑎2𝑐2+𝛼𝛼1)(𝑎2𝑏2−𝛼𝛽)𝑥2

∗−(𝑎2𝑐2+𝛼𝛼1)(𝑎2𝑏1−𝑎1𝛽)

(𝑎2𝑐2+𝛼𝛼1)(𝑎2𝛽1−𝑎1𝛽)
= �̂�         (17) 

Substituting (16) and (17) into (13) gives 

 𝑥1 =
1

𝑎2
(𝑎1 − 𝛼�̂�2 + 𝛼1�̂�) = �̂�1 

Hence (�̂�1, �̂�2, �̂�) is the coexistence steady-state solution. 

Next, when  𝑥1 ≠ 0  𝑥2 = 0 and 𝑅 = 0, equation (10) becomes 

 𝑥1 =
𝑎1

𝑎2
= 𝑥1

∗ 

Hence, (𝑥1,
∗0, 0) is a steady-state solution where the first population is at its 

carrying capacity and the second and the third population will go into  

extinction. 

Also, when 𝑥1 = 0, 𝑥2 ≠ 0  and 𝑅 = 0, equation (11) becomes 

 𝑥2 =
𝑏1

𝑏2
= 𝑥2

∗ 

Hence,(0, 𝑥2
∗, 0) is a steady-state solution where the second population is at 

its carrying capacity while the first population and the resource biomass 

will go into extinction 

Next, where 𝑥1 = 0, 𝑥2 = 0, and  𝑅 ≠ 0, equation (12) becomes 

 𝑅 =
𝑐1

𝑐2
= 𝑅∗ 

Hence (0,0, 𝑅∗)  is a steady-state solution where the first and second 

population goes into extinction and the resource biomass is at its carrying 

capacity. 

Next, when 𝑥1 = 0, 𝑥2 ≠ 0 and 𝑅 ≠ 0, equation (11) and (12) become 

 𝑥2 =
1

𝑏2
(𝑏1 + 𝛽1𝑅) 

 𝑅 =
1

𝑐1
(𝑐1 − 𝛽1𝑥2), 
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which simplify to give 

 𝑥2 =
𝑏2𝑐2−𝑐1𝛽1

𝑏2𝑐2−𝛽1
2 = 𝑥2

∗∗ 

 𝑅 =
𝑐1𝑏2−𝛽1𝑏1

2

𝑏2𝑐2−𝛽1
2 = 𝑅∗∗  

Hence, the point (0, 𝑥2
∗∗, 𝑅∗∗) is a steady-state solution where the first 

population will go into extinction while the second population and 

resource biomass will survive. 

Furthermore, when 𝑥1 ≠ 0, 𝑥2 ≠ 0, and 𝑅 = 0, equations (10) and (11) 

become 

 𝑥1 =
1

𝑎2
(𝑎1 − 𝛼𝑥2)       

 𝑥2 =
1

𝑏2
(𝑏1 − 𝛽𝑥1),         

and on simplification become 

 𝑥1 =
𝑎1𝑏2−𝛼𝑏1

𝑎2𝑏2−𝛼𝛽
= 𝑥1

∗∗∗ 

𝑥2 =
𝑏1𝑎2−𝛼1𝛽

𝑎2𝑏2−𝛼𝛽
= 𝑥2

∗∗∗  

Therefore, the point (𝑥1
∗∗∗, 𝑥2

∗∗∗, 0) is a steady-state solution. At this steady-

state solution, only the resource biomass is extinct while the first and 

second populations survive. 

When 𝑥1 ≠ 0, 𝑥2 = 0 and 𝑅 ≠ 0, equations (10) and (12) become 

 𝑥1 =
1

𝑎2
(𝑎1 + 𝛼1𝑅) 

 𝑅 =
1

𝑐2
(𝑐1 − 𝛼1𝑥1), 

which simplify to give 

 𝑥1 =
𝑎1𝑐2+𝑐1𝛼1

𝑎2𝑐2+𝛼1
2 = 𝑥^^  

 𝑅 =
𝑎2𝑐2−𝑎1𝛼1

𝑎2𝑐2+𝛼1
2 = 𝑅^^  

Therefore, the point (𝑥^^, 0, 𝑅^^ )is a steady state solution where the first 

population and the resource biomass will survive while the second 

population will go into extinction. 

To facilitate the interpretation of the mathematical analysis, the following 

parameter values given by George (2019) were used in the simulation for 

the system (1) - (3) 

𝑎1 = 5,             𝑎2 = 0.22,           𝛼 = 0.007,              𝛼1 =  0.02      𝑐1 = 10, 



SSAAR (JPAS); Journal of               September, 2020 
Pure and Applied Science 

 

 

36 | P a g e  

 

 

Editions 

𝑏1 = 3,             𝑏2 = 0.26,           𝛽 = 0.008,               𝛽1 = 0.04,      𝑐2 = 0.3        

 

RESULT AND DISCUSSION 

The results of the simulation are presented in Tables (1) – (6). 

 

Table 1: Effect of variation of inter-competition coefficient, 𝛼, of the first 

biological species, 𝑥1, on the resource biomass, 𝑅, of the dynamical system 

using a MATLAB ODE 45 numerical scheme 

S/N 𝜶 𝑹 
1 0. 0070 29.6205 

2 0.0004 29.5909 

3 0.0007 29.5925 

4 0.0010 29.5940 

5 0.0014 29.5956 

6 0.0018 29.5972 

7 0.0021 29.5987 

8 0.0024 29.6003 

9 0.0028 29.6018 

10 0.0032 29.6034 

11 0.0035 29.6049 

12 0.0039 29.6065 

13 0.0042 29.6081 

14 0.0046 29.6069 

15 0.0049 29.6112 

16 0.0053 29.6127 

17 0.0056 29.6143 

18 0.0059 29.6158 

19 0.0063 29.6174 

20 0.0066 29.6189 

 

Table 2: Effect of variation of inter-competition coefficient, 𝛼, of the first 

biological species, 𝑥1, on the competing species, 𝑥1 and 𝑥2, of the dynamical 

system using a MATLAB ODE 45 numerical scheme 
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S/N 𝜶 𝒙𝟏 𝒙𝟐 𝑹  

1 0. 0070 24.9340 15.3302 29.6205  

2 0.0004 25.3950 15.3119 29.5909  

3 0.0007 25.3708 15.3128 29.5925  

4 0.0010 25.3466 15.3138 29.5940  

5 0.0014 25.3223 15.3148 29.5956  

6 0.0018 25.2981 15.3157 29.5972  

7 0.0021 25.2738 15.3167 29.5987  

8 0.0024 25.2496 15.3177 29.6003  

9 0.0028 25.2253 15.3186 29.6018  

10 0.0032 25.2010 15.3196 29.6034  

11 0.0035 25.1768 15.3206 29.6049  

12 0.0039 25.1525 15.3215 29.6065  

13 0.0042 25.1282 15.3225 29.6081  

14 0.0046 25.1040 15.3234 29.6069  

15 0.0049 25.0797 15.3244 29.6112  

16 0.0053 25.0554 15.3254 29.6127  

17 0.0056 25.0311 15.3263 29.6143  

18 0.0059 25.0069 15.3273 29.6158  

19 0.0053 24.9826 15.3283 29.6174  

20 0.0066 24.9583 15.3293 29.6189  

 

Table 3: Effect of variation of inter-competition coefficient, 𝛽, of the second 

biological species, 𝑥2, on the resource biomass, 𝑅, of the dynamical system 

using a MATLAB ODE45 numerical scheme 

S/N 𝜷 𝑹 

1 0. 0080 29.6205 

2 0.0004 29.5229 

3 0.0008 29.5281 

4 0.0012 29.5333 

5 0.0016 29.5384 

6 0.0020 29.5436 

7 0.0024 29.5487 
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8 0.0028 29.5539 

9 0.0032 29.5590 

10 0.0036 29.5642 

11 0.0040 29.5693 

12 0.0044 29.5744 

13 0.0048 29.5795 

14 0.0052 29.5846 

15 0.0056 29.5897 

16 0.0060 29.5948 

17 0.0064 29.5999 

18 0.0068 29.6050 

19 0.0072 29.6102 

20 0.0076 29.6153 

 

Table 4: Effect of variation of inter-competition coefficient,𝛽, of the second 

biological species, 𝑥2, on the competing species, 𝑥1 and 𝑥2, of the dynamical 

system using a MATLAB ODE45 numerical scheme 

S/N 𝜷 𝒙𝟏 𝒙𝟐 𝑹  

1 0. 0080 24.9340 15.3302 29.6205  

2 0.0004 24.9035 16.0454 29.5229  

3 0.0008 24.9051 16.0078 29.5281  

4 0.0012 24.9067 15.9702 29.5333  

5 0.0016 24.9083 15.9326 29.5384  

6 0.0020 24.9099 15.8950 29.5436  

7 0.0024 24.9115 15.8574 29.5487  

8 0.0028 24.9131 15.8197 29.5539  

9 0.0032 24.9147 15.7821 29.5590  

10 0.0036 24.9163 15.7445 29.5642  

11 0.0035 24.9179 15.7068 29.5693  

12 0.0040 24.9195 15.6692 29.5744  

13 0.0044 24.9211 15.6315 29.5795  

14 0.0048 24.9227 15.5939 29.5846  

15 0.0052 24.9243 15.5562 29.5897  
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16 0.0056 24.9260 15.5186 29.5948  

17 0.0064 24.9276 15.4809 29.5999  

18 0.0068 24.9292 15.4433 29.6050  

19 0.0072 24.9308 15.4056 29.6102  

20 0.0076 24.9324 15.3679 29.6153  

 

Table 5: Effect of simultaneous variation of inter-competition coefficients, 

𝛼 and 𝛽, of the first and second biological species, 𝑥1 and 𝑥2, on resource 

biomass, 𝑅, of the dynamical system, using a MATLAB ODE45 numerical 

scheme 

S/N 𝜶 𝜷 𝑹 

1 0.0070 0.0080 29.6205 

2 0.0004 0.0004 29.4963 

3 0.0007 0.0008 29.4993 

4 0.0010 0.0012 29.5035 

5 0.0014 0.0016 29.5106 

6 0.0018 0.0020 29.5177 

7 0.0021 0.0024 29.5247 

8 0.0024 0.0028 29.5318 

9 0.0028 0.0032 29.5388 

10 0.0032 0.0036 29.5457 

11 0.0038 0.0040 29.5526 

12 0.0039 0.0044 29.5595 

13 0.0042 0.0048 29.5664 

14 0.0046 0.0052 29.5732 

15 0.0049 0.0056 29.5800 

16 0.0053 0.0060 29.5868 

17 0.0056 0.0064 29.5935 

18 0.0059 0.0068 29.6003 

19 0.0063 0.0072 29.6070 

20 0.0066 0.0076 29.6138 
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Table 6: Effect of simultaneous variation of inter-competition coefficient, 

𝛼 and 𝛽, of the first and second biological species, 𝑥 1 and 𝑥2, on the 

competing species, 𝑥1 and 𝑥2, of the dynamical system, using a MATLAB 

ODE45 numerical scheme 

S/N 𝜶 𝜷 𝒙𝟏 𝒙𝟐 𝑹  

1 0.0070 0.0080 24.9340 15.3302 29.6205  

2 0.0004 0.0004 25.3844 16.0388 29.4993  

3 0.0007 0.0008 25.3612 16.0022 29.4963  

4 0.0010 0.0012 25.3364 15.9642 29.5035  

5 0.0014 0.0016 25.3118 15.9262 29.5106  

6 0.0018 0.0020 25.2873 15.8886 29.5177  

7 0.0021 0.0024 25.2629 15.8509 29.5247  

8 0.0024 0.0028 25.2387 15.8132 29.5318  

9 0.0028 0.0032 25.2145 15.7756 29.5388  

10 0.0032 0.0036 25.1905 15.7381 29.5457  

11 0.0038 0.0040 25.1666 15.7007 29.5526  

12 0.0039 0.0044 25.1428 15.6634 29.5595  

13 0.0042 0.0048 25.1191 15.6261 29.5664  

14 0.0046 0.0052 25.0956 15.5889 29.5732  

15 0.0049 0.0056 25.0722 15.5517 29.5800  

16 0.0053 0.0060 25.0489 15.5146 29.5868  

17 0.0056 0.0064 25.0257 15.4776 29.5935  

18 0.0059 0.0068 25.0026 15.4407 29.6003  

19 0.0063 0.0072 24.9796 15.4038 29.6070  

20 0.0066 0.0076 24.9567 15.3670 29.6138  

 

It is shown in Table 1 that, an increase in the inter-competition coefficient, 

𝛼, of the first biological species, 𝑥1, while the other model parameters 

remain fixed, results in an increase in the resource biomass, 𝑅. 

Furthermore, Table 2 shows that the increase in the inter-competition 

coefficient, 𝛼, of the first biological species, 𝑥1, results in a gradual decrease 

of the population of the first species,𝑥1, but gradual increase in the 

population of the second biological species, 𝑥2, of the system. It was 
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observed in Table 3 that, an increase in the inter-competition coefficient, 

𝛽, of the second interacting species, 𝑥2, while the other model parameters 

remain fixed, results in an increase in the resource biomass, 𝑅, of the 

dynamical system. Table 4 shows that, an increase in the inter-competition 

coefficient, 𝛽, of the second species, 𝑥2, gradually decreases 𝑥2, but 

gradually increases the population of the first species, 𝑥1, of the system. 

Table 5 shows that a simultaneous increase in the inter-competition 

coefficients, 𝛼 and 𝛽, of the interacting species, 𝑥1 and 𝑥2, while other 

model parameters remain fixed, increases the resource biomass, 𝑅, of the 

system. Furthermore, it is observed in Table 6 that, simultaneous increase 

in 𝛼 and 𝛽 results in a gradual decrease of the population of the two 

species, 𝑥1 and 𝑥2, respectively.  

 

CONCLUSION AND RECOMMENDATION 

The effect of inter-competition coefficient on the resource biomass of 

resource-dependent biological species was considered. To achieve the 

purpose of the study, a three-dimensional system of nonlinear first order 

ordinary differential equations was considered while a MATLAB ODE45 

numerical scheme was used to generate data for the analysis. The key 

result of the investigation shows that an increase in inter-competition 

coefficient results in an increase in the resource biomass, while the 

population of the affected species diminishes gradually.  

A further extension of this analysis can consider the use of a second order 

nonlinear dynamical system and an interaction involving three biological 

species. 
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