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ABSTRACT 

The distribution of waves in rods, shells and rotating shafts with variable 

thickness is studied through numerical models and experimental 

measurements. All numerical models are formulated using the Transfer 

Matrix approach, which correctly reproduces the dynamic behavior and wave 

propagation characteristics of the considered structures at each frequency. 

The numerical predictions show that exponential and linear thickness profiles 

generate a cut-off frequency, below which waves do not propagate along the 

structure. Hence, the considered rods and shells are capable of filtering out 

low frequency and they behave as high-pass mechanical filters. The filtering 

capacity  of the considered class of rods and shells are investigated for 

different types of profiles. Furthermore, the effect introduced by using 

periodicity and changing the material properties of the structure in a 

functionally graded manner is investigated. The effect of linear profiles is 

practically evaluated by determining both the frequency and time response 

for excitations applied at one side of the structure. These results are compared 

to uniform profiles through the Wavelet Transform (WT), which visualizes the 

structure vibrational energy simultaneously in both the time and frequency 

domain. The agreement between the theoretical and experimental results 

validates the numerical models and demonstrates the effectiveness of the 

proposed design configurations in attenuating the propagation of waves 

especially in the low-frequency range. The filtering characteristics are also 

investigated for rotating shafts. It is found out that rotation at a constant speed 

does not modify the flexural wave propagation characteristics of the system. 

Also, the interest is extended to studying the Campbell diagrams of tapered 

and periodically stepped profiles. Experiments on the propagation of 
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vibration from a gearbox through rotating shafts prove that tapered and 

periodic profiles can effectively redistribute the energy spectrum by increase 

the propagation to specific frequency bands. Such characteristics become 

more evident when the shaft is provided with active periodic piezoelectric 

region. The effectiveness of the constant axial loads and feedback control on 

the shaft performance is determined and compared to the alternative passive 

periodic treatments. 
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INTRODUCTION AND OBJECTIVES 

The reason of this work is to establish rules for controlling the wave 

propagation characteristics of rods, axial symmetric shells and rotating shafts, 

through correct design of their geometrical and material properties. 

A very clearer way to address the issue of shaping the wave propagation 

characteristics of the structure is by using Functionally Graded Materials. 

These materials allow for gradually varying the Young’s modulus of the 

structure in a given direction, which changes the characteristic speed of sound 

in the material. Longitudinal compressional waves can be taken as a simple 

example. In the case that the Young’s modulus of each section of the 

waveguide increases, also the propagating speed of the compressional wave 

increases as well, so that each sinusoidal component of the disturbance is 

shifted to higher frequencies. Depending on the section area and on the length 

of the waveguide, it is evident at this point that the waves with low 

frequencies will virtually disappear at the end tip of the waveguide, because 

they were shifter to higher frequencies. 

Adjusting the geometry of the waveguide is another way of modifying the 

propagation of waves inside the structure. The effect of stepped and tapered 

profiles can be investigated and compared to the behavior of uniform profiles. 

As an example, the same longitudinal compressional wave is considered at 

this point. In the case of a uniform rod, the characteristic speed of the wave 

and the section area do not change so  every frequency travels undisturbed 

along the waveguide. When a step is created in the section area, then a free 

body diagram can show how only in the inner core is still present a pure 

compressional wave while the outer part of the bigger section is subject to 

shear deformation. This implies that the compressional wave entering the 
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bigger section creates an additional shear wave that absorbs part of the 

energy carried by the compressional wave. Hence, at the end tip of the bigger 

section, only a portion of the compressional wave is transmitted and it is clear 

that depending on the length and section ratio such wave can completely 

disappear from the spectrum. 

In fact, it is seen that conical geometry acts as a natural mechanical high-pass 

filter for longitudinal waves [11 and 15]. They introduce the idea of stop-

bands (as the set of frequencies where attenuation occurs) and pass-bands 

where propagation is not obstructed. The study of stepped profiles belongs to 

the more general field of research of periodic structures. For example, 

Brillouin [7] investigated the effect of periodicity on the propagation 

spectrum of crystals and electronic components; while other authors (Mead 

[32 and 33], Orris et al. [38], Roy and Plunkett [42]) focused on the property 

of periodic structures to act as mechanical broadband filters by redistributing 

the vibrational energy away from the particular regions of frequencies. Recent 

developments that expand the interest on periodic structures to the 

application of active control can be found in the works of Ruzzene et al. [43], 

and Baz [6]. 

In the case of helicopter design, one of the key problems is minimizing the 

vibration transmission levels generated by the gearbox-engine assembly. 

besides meeting all strict operational requirements, new designs must prove 

to be effective in increasing the crew comfort, improving the fatigue life of the 

structures, and extending flight 3 envelope. Works in this field traditionally 

concentrate on the helicopter frame and struts ([3], [35], [45], [48]), but they 

also recently focus on the tail rotor and transmission shaft as well [41]. 

In this work, the idea of periodicity is combined with the variable geometry 

and material properties, innovative damping coatings and active control in 

order to drastically improve the wave propagation characteristics of rods, 

shells and rotating shafts by optimizing the bandwidth and amplitude of the 

stop-bands. 

After deriving the analytical model for the equation of motion from the 

balance of mechanical energy using Hamilton’s Principle, solutions to the 

homogeneous system of equations are calculated by integrating the state 

matrix along the length of the structure. A coordinate transformation puts the 

system into the transfer matrix configuration. The eigenvalues of this matrix 

give an insight into the propagation characteristics of waves along the 
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structure. These characteristics are discussed in details in order to discern 

what advantages tapered geometry can introduce. Furthermore, the 

predictions of the mathematical models are validated through experimental 

comparisons with prototypes of the structures. Finally, the effect of having 

different combinations of periodic and tapered elements is investigated. 

The present dissertation is organized as follows. A general introduction has 

been given in this first chapter. In the second chapter, the wave propagation 

in onedimensional rods is presented. The equations of motion and the 

“Transfer Matrix” are derived by using Hamilton’s principle and a numerical 

solution for the wave propagation constants is given for different tapered 

geometries. The theoretical characteristics of longitudinal waves, generated 

by exponential and polynomial profiles, are compared to 4 those developed in 

uniform rods. Then, experiments are performed on a linearly tapered rod and 

its characteristics are compared with the numerical model by using the 

Wavelet Transform method. 

In chapter three, the study is extended to axis-symmetric shells. Polynomial 

and exponential tapered profiles are investigated. Longitudinal and radial 

waves characteristics are discussed in comparison with corresponding 

characteristics of uniform cylinders of equivalent mass. Shells with 

functionally graded material properties (FGM) are also taken into 

consideration. An optimization process is attempted by combining the effect 

of tapered profiles with FGM or periodicity. Finally, the numerical predictions 

are confirmed with experiments on linearly tapered shells. 

 

WAVE PROPAGATION IN PERIODIC SHELLS WITH TAPERED WALL 

THICKNESS 

Shells of revolution play a vital role in many structural applications. 

However, the analysis of the dynamics of these structural elements is more 

complicated than the analysis of one-dimensional elements as rods. In fact, 

traditionally most studies have attempted to adapt the membrane model 

(very thin shells) for practical calculations. Generally, thick shells present a 

more interlaced behavior that is not described by extended 2D models. 

However, the availability of faster computers has shown that analyses of solid 

bodies based on 3D structural models [17] yield accurate predictions of static 

displacements, free vibration frequencies and modes, buckling loads, and 

mode shapes. Many applications require the use of axis-symmetric shells, 
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such as in space vehicles, aircrafts and submarines skins. Transmission shafts 

for automotive and helicopter industry and turbo-compressor units present 

even more complex behavior due to the rotation along their axes. All these 

applications need a careful vibrational and acoustic analysis. Furthermore, the 

development of particular stop bands through tapered and periodically 

variable cross sections [43] has become a very interesting field of 

investigation at this point. 

Several researchers have studied three-dimensional vibration of hollow 

circular cylinders. Early investigations were focused in applying 2D shell 

theory on circular cylindrical shells having continuously variable wall 

thickness. In 1973, Stoneking [49] formulated a set of equations to solve 

vibrations of clamped-clamped tapered cylinders with the partition method. 

In 1991, Sivadas and Ganesan [47] presented a semi-analytical finite-element 

analysis for determining the natural frequencies of thin circular isotropic 

cylindrical shells with linear and quadratic varying section. In their study, 

Love’s first approximation shell theory was considered to solve the problem 

and investigated different boundary conditions. In 1993, Sivadas and Ganesan 

[46] improved their model by including the normal strain as well as the 

transverse shear effects and compared the solutions to two other 

approximations: the thick shell theory without normal stress and Love’s 

model without shear and rotary inertia. Suzuki et al. [50 and 51] presented an 

analytical solution of the free vibration of a clamped-clamped circular 

cylindrical shell with quadratic thickness variation along the axial direction. 

Basically, only three groups of researchers studied conical shells with variable 

thickness using 2D-based shell theory. In 1977 Penzes and Padovan [39] 

characterized a tapered cone with an approximate closed-form solution. Then, 

Irie et al. [18] in 1982 used the transfer matrix approach to treat the case of 

free vibration of a truncated conical shell having a meridian thickness 

expressed by an arbitrary function. Natural frequencies and mode-shapes 

were numerically calculated for linear, parabolic and exponential variable 

thickness. Takahashi et al. [52 and 53] wrote a series of papers (1982-1986) 

on this subject. 2D models have been developed for moderately thick conical 

shells of  variable thickness where the normal displacement component is 

assumed to be constant along the thickness. The tangential displacements and 

bending rotations is supposed to be linearly varying, as in the well-known 

Mindlin plate theory. In 1995, Leissa and So [28] presented extensive studies 
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on a 3D-based procedure to determine free vibration frequencies and modes 

for truncated hollow cones with arbitrary thickness by applying Ritz method. 

These results were refined in 1999 by Kang and Leissa [20]. 

The present chapter is organized as follows: a literature survey has been 

presented in Section 3.1. In Section 3.2, the equations of motion are derived 

from the energy conservation principles using the transfer matrix approach. 

This approach allows further investigations of the effect of varying the 

geometry and/or stiffness, which are the main goals of Sections 3.3. Section 

3.3.1 presents numerical solution of examples of exponential and polynomial 

tapered shell. The propagation constants for the longitudinal and transverse 

waves are discussed and the time-frequency plots are generated by the 

Wavelet transform for a linear profile. Section 3.3.2 investigates the 

possibility of using Functionally Graded Materials (FGM) where by the 

material Young’s modulus is allowed to vary according to exponential or 

polynomial shapes. Numerical solution of various examples is presented in 

terms of propagation constants in order to quantify the effect of geometry 

changes. Moreover, the combined effect of varying the geometrical profiles as 

well as the gradient of the elastic properties is also investigated. 

Section 3.4 describes the experiments conducted on a linearly tapered shell. 

The time response and the corresponding Wavelet transform analysis are 

compared to the numerical predictions of Section 3.3. Section 3.5 extends the 

results of Section 3.3.1 to the case of periodic shell elements. All different 

combinations of periodicity are surveyed. Section 3.6 summarizes the 

conclusions indicating that the best results are obtained when combining 

tapered geometry and either functionally graded materials or with 

periodicity. Bi-periodic tapered elements have exhibited the most interesting 

behavior. 

 

SUMMARY AND RECOMMENDATIONS 

Summary 

In this work, we developed a theoretical method was developed based on the 

“Transfer Matrix” Formulation and the Wavelet Transforms that effectively 

investigates the influence of periodicity, variable geometry and graded 

material properties on the wave propagation characteristics of rods, shells 

and rotating shafts. Several experiments were carried out in order to verify 

the numerical predictions, and the Wavelet Transform proved to be a very 



 

SSAAR (JASUD); Journal of                                                    September, 2020 

African Sustainable Development  

281 | P a g e  
 

Editions 

powerful tool to uniquely identifying and compare the energy spectral 

distribution in the time-frequency domain. 

It can be summarized here that, in the case of longitudinal wave-guides, 

tapered profiles introduce a cutoff frequency below which no disturbance can 

travel in the structure, and the main parameter that affects the spectral 

location of this cutoff frequency is the ratio between the cross sections at the 

end of the element. Rods with tapered profile shift the energy spectrum to a 

higher frequency range and hence behave as a simple high-pass mechanical 

filter. 

Thin shells can be modeled as two-dimensional wave-guides, where the 

propagation of the longitudinal waves can interfere with the flexural (radial) 

waves. A much richer scenario comes out as a result of this. Variations of the 

wall thickness, medium radius and element length of the shell can effectively 

filter out undesirable bands of frequencies from the longitudinal and/or the 

transverse wave patterns. Still, the principal parameter that influences the 

width of the stop bands is the ratio between the cross sections at the two ends 

of the shell element. 

It was also observed that there are no significant improvements in the 

propagation characteristics when more exponential profiles were 

implemented instead of simple linear polynomials. 

Very similar results were obtained with functionally graded materials, and it 

is easier to obtain much higher ratios. Finally, by combining the two effects 

one can obtain the flexibility needed for some very demanding applications. 

Different types of periodic taper configurations proved to have 

complementary effects on the wave characteristics. Combinations of these 

complex geometries (biperiodic tapered cells) produce the most effective 

energy redistribution. 

For the case of simple rotors (axisymmetric shaft with mass unbalance and 

rigid bearings), tapered and periodic profiles were tested in their ability to 

redistribute the energy away from specific frequency ranges (stop-bands). 

The most important observation is that introducing rotation at constant speed 

does not appreciably affect the wave propagation characteristics of the rotor. 

We also demonstrated that by carefully tuning the element length and 

diameter ratio of periodic elements one has the possibility to conveniently 

shape and locate the stop-bands of a specific rotor. 
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The Campbell diagrams of tapered and periodic shafts showed that the 

propagation characteristics of the static rotor extend to the case when the 

shaft is rotating at constant speed: the critical speeds move away from the 

stop-bands and concentrate around the regions of frequencies that allow 

transmission (pass-bands). 

Also, the addition of viscoelastic materials to periodic profiles has proved to 

have a great potential in adding broadband attenuation to the already present 

local stop bands. Finally, we established that the application of active constant 

forces on the shaft enlarges the regions of interference especially when the 

shaft is subjected to tensile forces. Active feedback control of one actuator 

introduces significant broadband attenuation that adds up to the local stop-

bands and most effectively proved to trap the vibrational energy at the source 

location (localization effect). 

 

Recommendations 

Two areas of improvement of the results accomplished can certainly be 

identified: a more detailed investigation of viscoelastic inserts in combination 

with active control would further improve the broadband attenuation of 

vibrations, and also the implementation of FGM needs to be fully investigated 

because they would require no external source of power. 
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