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Abstract  

The effect of intra-competition coefficient on the resource biomass of a 

resourcedependent interacting biological species was investigated. To facilitate 

the investigation, a continuous system of nonlinear first order ordinary 

differential equation indexed by the appropriate initial conditions, was 

considered. A MATLAB ODE45 numerical scheme was used to generate the 

data needed for the analysis. The key result of the investigation shows that 

increase in intra-competition coefficient of the interacting biological species 

increases the resource biomass while the population density of the species 

diminishes.   
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INTRODUCTION  

This study deals essentially with the interaction between two biological species 

in an environment. In our immediate environment, living and non-living 

organisms share one thing or the other in common. In ecology, biological 

interaction is the effect organisms living together in an environment has on one 

another. The relationship could be the one involving same species inhabiting 

the same ecological area termed intra-specific interactions or the one involving 

different species inhabiting the same ecological area termed inter-specific 

interaction. The interaction could be long term or short term.   
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If the resource made available is insufficient for both populations, then there 

will be lowered productivity or growth rate or one species might survive while 

the other goes into extinction.  Limited supply of resources could be responsible 

for competition. Competition will occur between organisms in an ecosystem 

when their niches overlap, both of them will try to use the same resource and 

there is every possibility that the resource will be in short supply.   

Competition coefficient is a number giving the degree to which an individual of 

one species affects the growth or equilibrium level of a second species 

population relative to the effect of an individual of the second species 

(Volterra,1996). Competition coefficients have two subscripts, one for each 

species involved in the competition. The species affected is listed first and the 

species causing the effect is listed second. Competition co-efficient is the key 

component of the Lotka-Volterra model because it was designed to create the 

situation whereby two species could co-exist indefinitely. If two species must 

co-exist, then intra-competition coefficient must be greater than inter specific 

competition [Case (2000), Gotelli, (2008), Mittelberg (2012), Vandermeer and 

Goldberg, (2013)].  

The mathematical structure under consideration has the following form:  

,   𝑥1(0) = 𝑥10 ≥ 0      (1)  

,   𝑥2(0) = 𝑥20 ≥ 0      (2)  

,   (0) = 𝑅0 ≥ 0      (3)  

Increase in the population size gradually stabilizes the dynamical system, as 

soon as the population size reaches a reduced number, productivity picks up and 

survival is increased thereby putting the population back in a particular growth 

pattern. These rising and falling helps keep the population from getting too high 

or too low. The regulating effect is the major consequence of intraspecific 

completion.  

Fluctuation in environmental condition can also enable the co-existence of 

species that differ in their growth strategies. In a situation where resource is 

abundant and the resource competition is weak, the niche expansion might not 

be selectively advantageous even though free niche were available. Charles 

Darwin realized how important the struggle for life essential resource 

competition is in shaping the evolution of all organisms when resources are 

limited.   
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MATERIAL AND METHODS  

The physical model consists of two competing resources-dependent biological 

species (Goat and Sheep) in an environment. To achieve the objective of this 

work, the following system of non-linear first order ordinary differential 

equations, as given by George (2019), has been considered.   

  ,     𝑥1(0) = 𝑥10 ≥ 0     (4)  

  ,     𝑥2(0) = 𝑥20 ≥ 0     (5)  

  ,      (0) = 𝑅0 ≥ 0        (6)  

𝑥1 and 𝑥2 denote the population sizes of species 1 and 2, respectively. 𝑎1 and 𝑏1 

represent the intrinsic growth rates of the first and second species, respectively. 

𝑎2 and 𝑏2 are the intra-competition coefficients of species 1 and 2, respectively. 

𝛼1 and  

𝛽1 denote the growth rate coefficients of species 1 and 2, while   and  are the 

inter competition coefficients of species 1 and 2, respectively.  is the resource 

biomass, 𝑐1 is the intrinsic growth rate of the resource biomass and 𝑐2 is the 

intra-competition coefficient of the resource biomass.  

It is expected that the interacting biological species grow exponentially with 

unlimited supply of resources in the ecosystem by constant 𝑐1 and in the event 

of limited supply of resources the less powerful species reduce in weight and 

go into extinction.  

In the absence of any interaction between the species, that is, if  

  𝛼 = 𝛼1 = 𝛼2 = 𝑏2 = 𝛽 = 𝛽1 = 𝑐2 = 0,  

then equations (4) – (6) become linear equations as follows:  

  ,    𝑥1(0) = 𝑥10 ≥ 0        (7)  

  ,    𝑥2(0) = 𝑥20 ≥ 0        (8)  

  ,    (0) = (0) ≥ 0        (9)  

Solving equations (7) – (9) by the technique of separation of variables give  

𝑥1 = 𝑥10𝑒𝑎1𝑡                         (10)  

  𝑥2 = 𝑥20𝑒𝑏1𝑡                         (11)  

𝑅 = 𝑅0𝑒𝑐1𝑡                          (12)  

Equations (10) – (12) clearly show that as 𝑡 → ∞, 𝑥1(𝑡),𝑥2(𝑡) and 𝑅(𝑡) will grow 

exponentially. This is mathematically true, but not scientifically correct. This is 
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because; no population grows exponentially, as space and limiting resources 

can inhibit such growth.  

To facilitate the interpretation of the mathematical analysis, the following 

parameter values given by George (2019) were used in the simulation for the 

system (4) - (6)  

𝑎1 = 5,  𝑎2 = 0.22,  𝛼 = 0.007,  𝛼1 = 0.02,      𝑏1 = 3,    

𝑏2 = 0.26,  𝛽 = 0.008,  𝛽1 = 0.04,  𝑐1 = 10,  𝑐2 = 0.3   

 

RESULTS AND DISCUSSION  

This section presents the numerical illustrations of the results. A MATLAB 

ODE45 numerical scheme was used to generate data and these are presented in 

Tables (1) –  

(6) below.  

 

Table 1: Effect of variation of intra-competition coefficient, 𝑎2, of the first 

biological species, 𝑥1 , on the resource biomass, , of the dynamical system, 

using a MATLAB ODE45 numerical scheme  
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Table 2: Effect of variation of intra-competition coefficient, 𝑎2, of the first 

biological species, 𝑥1 ,on the population of competing species, 𝑥1 and 𝑥2, of the 

dynamical system, using a MATLAB ODE45 numerical scheme  
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Table 3: Effect of variation of intra-competition coefficient, 𝑏2, of the second 

biological species, 𝑥2, on the resource biomass, , of the dynamical system, 

using a MATLAB ODE45 numerical scheme  
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Table 4: Effect of variation of intra-competition coefficient, 𝑏2, of the second 

biological species, 𝑥2, on the population of competing species, 𝑥1 and 𝑥2, of the 

dynamical system, using a MATLAB ODE45 numerical scheme  
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Table 5: Effect of simultaneous variation of intra competition coefficients, 𝑎2 

and 𝑏2, of the first and second biological species, 𝑥1 and 𝑥2, on the resource 

biomass, , of the dynamical system, using MATLAB ODE45 numerical 

scheme  
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Table 6: Effect of simultaneous variation of intra-competition coefficients, 𝑎2 

and 𝑏2, of the first and second biological species, 𝑥1 and 𝑥2, on the competing 

species, 𝑥1 and 𝑥2, of the dynamical system, using MATLAB ODE45 numerical 

scheme  

 

 

 
It is observed in Table 1 that, increase in the intra-competition coefficient, 𝑎2, of the 

first biological species, 𝑥1, while other model parameters remain fixed, results in an 

increase in the resource biomass, . It is further shown that,   becomes small when 
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𝑎2 is small. Table 2 shows that increase in the intra-competition coefficient, 𝑎2, of the 

first biological species, 𝑥1, decreases the population of the first species, 𝑥1, as the 

population of the second biological species, 𝑥2,  increases gradually.   

In Table 3, it is shown that increase in the intra-competition coefficient, 𝑏2, of the 

second species, 𝑥2, while other model parameters remain fixed, results in an increase 

in the resource biomass, . Furthermore, Table 4 reveals that, increase in the 

intracompetition coefficient, 𝑏2, of the second species, 𝑥2, results in a decrease in 𝑥2, 

but increases the population of the first species, 𝑥1.  

Table 5 shows that, simultaneous increase in the intra-competition coefficients, 𝑎2 and 

𝑏2, of the first and second biological species, 𝑥1 and 𝑥2, while other model parameters 

remain fixed, results in an increase in the resource biomass, , of the system.  

Furthermore, in Table 6 it is revealed that, simultaneous increase in 𝑎2 and 𝑏2 results 

in the simultaneous decrease of the population of the two species, 𝑥1 and 𝑥2, 

respectively. It also shows that when the intra-competition coefficients, 𝑎2 and 𝑏2, of 

both species are very small and the population of the first species, 𝑥2, is large, the 

population of the second species, 𝑥2, diminishes.  

 

CONCLUSION AND RECOMMENDATION  

The effect of intra-competition coefficients on the resource biomass of a 

resourcedependent biological species was considered. To achieve the purpose of the 

study, a system of nonlinear first order ordinary differential equations was considered 

to analyses the variations of the competition coefficients. The key result of the 

investigation shows that increase in intra-competitions of the interacting biological 

species increases the resource biomass, while the population density of the species 

diminishes.   

A further extension of this analysis should be considered using a second order 

nonlinear dynamical system. Also worthy of consideration is the interaction among 

three biological species.  

 
REFERENCES  

Case, T. J. (2000). An Illustrated Guide to Theoretical Ecology. Oxford University  

  Press,  New York.  

Ekaka-a, E. N. (2009). Computational and mathematical modeling of plant species interactions in a 

harsh climate, PhD Thesis, University of Liverpool and University of Chester, United Kingdom.  

George, I. (2019). Stability analysis of a mathematical model of two interacting plant  species: a case 

of weed and tomatoes, International Journal of Pure and  Applied Science (IJPAS), 9(1), 1 – 15.  

Gotelli, N. J. (2008). A Premier of Ecology. Sinauer Associates, Sunderland,  Massachusetts, USA.  

Lotka, A. J. (1982). The growth of mixed populations, two species competing for a common food 

supply. Journal of Washington Academy of sciences, 22, 461469.  

Mittelbach, G. G. (2012). Community Ecology. Sinauer Associates, Sunderland, Massachusetts, USA.  

Vandermeer, J. H. and Goldberg, D. E. (2013). Population Ecology: First Principles,  2nd edition, 

Princeton University Press, Princeton, New Jersey.  

Volterra, V. (1996). Fluctuations in the abundance of a species considered  mathematically. Nature, 

118, 558-560.  

  


